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Abstract. Let in even-dimensional affinely connected space without a
torsion A2m be given a composition Xm×Xm by the affinor aβα. The affinor bβα,
determined with the help of the eigen-vectors of the matrix (aβα), defines the
second composition Ym × Y m. Conjugate compositions are introduced by the
condition: the affinors of any of both compositions transform the vectors from
the one position of the composition, generated by the other affinor, in the
vectors from the another its position. It is proved that the compositions define
by affinors aβα and b
β
α are conjugate. It is proved also that if the composition
Xm×Xm is Cartesian and composition Ym×Y m is Cartesian or chebyshevian,
or geodesic than the space A2m is affine.
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1. Preliminary
Let AN be an affinely connected space without a torsion, i.e. with a
symmetric affinely connectedness, define by the coefficients Γσαβ . According
to [2] the space AN assumes a composition Xn × Xm of two base manyfolds
Xn and Xm (n+m = N) if and only if there exists an affinor a
β
α, such that
(1) aβαa
σ
β = δ
σ
α.
This space will be denoted AN (Xn ×Xm) and aβα will be called the affinor of
the composition AN (Xn ×Xm) [2]. Two positions P (Xn), P (Xm) of the base
manyfolds pass through any point of AN (Xn ×Xm).
We shall consider an affinely connected spaces AN (Xn ×Xm) with inte-
grable structure of the compositions. According to [3], [5] the integrability
condition of the structure is characterized with the equality
(2) aσβ∇[αaνσ] − aσα∇[βaνσ] = 0.
For the projecting affinors
n
a βα,
m
a βα, define by the conditions
n
a βα =
1
2(δ
β
α+a
β
α) ,
m
a βα = 12(δ
β
α−aβα), the following equalities are fulfilled: na βα na σβ =
n
a σα,
m
a βα
m
a σβ =
m
a σα,
n
a βα
m
a σβ =
m
a βα
n
a σβ = 0 [3], [4] .
According to [4] for an arbitrary vector vα ∈ AN we have vα = na ασ vσ +
m
a ασ v
σ =
n
V α +
m
V α, where
n
V α =
n
a ασ v
σ ∈ P (Xn),
m
V α =
m
a ασ v
σ ∈ P (Xm).
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Following [3] we will write the known characteristics for the affinor of
some special compositions Xn ×Xm :
Proposition 1. The positions P (Xn) and P (Xm) of the c, c-composition
(Cartesian) Xn × Xm are parallelly translated along any line in the space if
and only if ∇αaσβ = 0.
Proposition 2. The positions P (Xn) and P (Xm) of the ch, ch-compo-
sition (Chebyshevian) Xn × Xm are parallelly translated along the lines of
Xm and Xn, respectively if and only if ∇[αaσβ] = 0.
Proposition 3. The positions P (Xn) and P (Xm) of the g, g-composition
(geodesic) Xn × Xm are parallelly translated along the lines of Xn and Xm,
respectively if and only if aσα ∇σaνβ + aσβ ∇αaνσ = 0.
2. Conjugate compositions in affinely connected spaces without a
torsion A2m
Let the affinor aβα defines a composition Xm ×Xm in affinely connected
spaces without a torsion A2m.
Let accept:
(3)
α, β, γ, σ, ν ∈ {1, 2, . . . , 2m}; i, j, k, p, q, r, s ∈ {1, 2, . . . ,m};
i, j, k, p, q, r, s ∈ {m+ 1,m+ 2, . . . , 2m}.
Let v
1
α, v
2
α, . . . , v
m
α, . . . , v
2m
α be the eigen-vectors of the matrix (aβα), as
(4) aβα vs
α = v
s
β, aβα v
s
α = −v
s
β .
They define the net
(
v
1
, v
2
, . . . , v
2m
)
.
The reciprocal covectors
α
vσ(α = 1, 2, . . . , 2m) are defined by the equalities
(5) v
α
β αvσ = δβσ ⇐⇒ vα
β σvβ = δσα .
Following the paper [6], we can consider the affinor aβα of the composition
Xm×Xm as an affinor, associated with the net
(
v
1
, v
2
, . . . , v
2m
)
. Therefore aβα
has the presentation
(6) aβα = v
1
β 1vα+ · · ·+ v
m
β mvα− v
m+1
β m+1v α− · · ·− v
2m
β 2mv α = v
i
β ivα− v
i
β ivα .
Now according to [6] for the projecting affinors we have
m
a βα = v
i
β ivα,
m
a βα = v
i
β ivα. Let net
(
v
1
, v
2
, . . . , v
2m
)
be chosen as a coordinate one. Then we
have
(7) v
1
σ(1, 0, . . . , 0), v
2
σ(0, 1, . . . , 0), . . . , v
2m
σ(0, 0, . . . , 0, 1).
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Let consider the vectors
(8) w
i
α = v
i
α + v
m+i
α , w
m+i
α = v
i
α − v
m+i
α.
The reciprocal covectors
α
wσ(α = 1, 2, . . . , 2m) are defined by the equalities
(9) w
α
β αwσ = δβσ ⇐⇒ wα
β σwβ = δσα .
Let introduce the affinor
(10) bβα = w
i
β iwα − w
i
β iwα.
From (9), (10) we obtain bβαbσβ = δ
σ
α. Hence the affinor b
β
α defines a composition
Ym×Y m. We denote by P (Ym) and P (Y m) the positions of this composition.
Using (9), (10) we establish
(11) bβα ws
α = w
s
β, bβα w
s
α = −w
s
β ,
from where it follows that w
s
α and w
s
α are the eigen-vectors of the matrix (bβα).
According to [6] the projecting affinors of the composition Ym × Y m have the
following form
m
b βα = w
i
β iwα ,
m
b βα = w
i
β iwα.
Definition 1. The compositions Xm ×Xm and Ym × Y m be called con-
jugate if
1) for arbitrary vectors vα ∈ P (Xm) and vα ∈ P (Xm) are fulfilled
b βα vα ∈ P (Xm) and b βα vα ∈ P (Xm);
2) for arbitrary vectors uα ∈ P (Ym) and uα ∈ P (Y m) are fulfilled
a βα uα ∈ P (Y m) and a βα uα ∈ P (Ym).
Theorem 1. The compositions Xm ×Xm, define by the affinor (6) and
associated with the net
(
v
1
, v
2
, . . . , v
2m
)
and the composition Ym × Y m, define
by the affinors (10) are conjugate.
Proof: With the help of (4), (6) and (8) we find
(12)
a βα w
s
α = a βα
(
v
s
α + v
s+m
α
)
= v
s
α − v
s+m
α = w
s
α ,
a βα w
s
α = a βα
(
v
s−m
α − v
s
α
)
= v
s−m
α + v
s
α = w
s
α .
Now if an arbitrary vector vα ∈ P (Ym), then vα =
i
λw
i
α, where
i
λ are functions
of the point and a βα vα =
i
λ a βα w
i
α. Taking into account (12) we can
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write a βα vα =
1
λ w
m+1
β +
2
λ w
m+2
β + . . . ,
2m
λ w
2m
β =
i
λ w
m+i
β, which means that
a βα vα ∈ P (Y m).
So we proved that from vα ∈ P (Ym) it follows a βα vα ∈ P (Y m). The proof
of the proposition - from vα ∈ P (Y m) it follows a βα vα ∈ P (Ym) - is similar.
From (5), (8) and (9) we obtain
(13)
s
wα v
s
α =
1
2
,
s
wα v
s+m
α =
1
2
,
s
wα v
k
α = 0 ,
s
wα v
k+m
α = 0 , s 6= k ;
s
wα v
s
α = −1
2
,
s
wα v
s−m
α =
1
2
,
s
wα v
k
α = 0 ,
s
wα v
k−m
α = 0 , s 6= k .
With the help of (8), (10) and (13) we find
(14) b βα vs
α =
1
2
w
s
β − 1
2
w
s+m
β = v
s+m
β , b βα v
s
α =
1
2
w
s−m
β +
1
2
w
s
β = v
s−m
β .
Now if an arbitrary vector vα ∈ P (Xm), then vα = iµ v
i
α where
i
µ are functions
of the point and b βα vα =
i
µ b βα v
i
α. Taking into account (14) we can write
b βα vα =
i
µ v
m+i
α, which means b βα vα ∈ P (Xm).
The proof of the proposition - from vα ∈ P (Xm) it follows b βα vα ∈ P (Xm)
- is similar. ¤
Let consider the affinor c βα = −a βσ b σα. From (5), (6), (8) and (10) we
obtain
(15) c βα = −a βσ b σα = w
i
β m+iw α − w
m+i
β iwα.
Since according to (9) and (15) c βσ c σα = −wσ
β σwα = −δ βα, the affinor c βα defines
an elliptic composition as, while the affinors a βα and b
β
α define hyperbolic
compositions. If zα is an eigen-vector of the matrix (c βα), then c
β
α zα = ± i zβ,
where i2 = −1.
From the equalities a βα a ασ = δ
β
σ, b
β
α b ασ = δ
β
σ, c
β
α c ασ = −δ βσ, a βα b ασ = −c βσ
easily follow
(16)
a βα b ασ = −b βα a ασ = −c βσ , b βα c ασ = −c βα b ασ = a βσ ,
c βα a ασ = −a βα c ασ = b βσ .
Because of (5), (6), (9), (10) and (15) we have a αα = b
α
α = c
α
α = 0, from
where we obtain a βα a αβ = b
β
α b αβ = c
β
α c αβ = 0. Then from (4), (5), (6), (7),
(9), (10) and (15) it follows that in the parameters of the chosen coordinate
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system the matrix (a βα), (b
β
α), (c
β
α), have the following form
(17)
(a βα) =
(
δ ji 0
0 −δ j
i
)
, (b βα) =

1
1
© . . .
1
1
1
©. . .
1

,
(c βα) =

1
1
© . . .
1
−1
−1
©. . . −1

.
Following [3] let introduce the notations Aσαβ = ∇α a σβ, Bσαβ = ∇α b σβ,
Cσαβ = ∇α c σβ. In the chosen coordinate system, which is adapted with
the composition Xm ×Xm, we have [3]
(18)
Asik = 0 , A
s
i k
= 0 , As
i k
= −2Γs
i k
, As
i k
= −2Γs
i k
,
As
i k
= 0 , As
i k
= 0 , Asik = 2Γ
s
ik , A
s
i k
= 2Γs
i k
.
According to (17) we establish in the chosen coordinate system the fol-
lowing equalities for Bσαβ and C
σ
αβ
(19)
Bsik = Γ
s
i k+m − Γs+mik , Bsi k = Γsi k+m − Γs+mi k , Bsi k = Γsi k−m − Γ
s+m
i k
,
Bs
i k
= Γs
i k−m − Γ
s+m
i k
, Bsik = Γ
s
i k+m − Γs−mik , Bsi k = Γsi k+m − Γs−mi k ;
Bs
i k
= Γs
i k−m − Γ
s−m
i k
, Bs
i k
= Γs
i k−m − Γ
s−m
i k
,
(20)
Csik = Γ
s
i k+m + Γ
s+m
ik , C
s
i k
= Γs
i k+m
+ Γs+m
i k
, Cs
i k
= −Γs
i k−m + Γ
s+m
i k
,
Cs
i k
= −Γs
i k−m + Γ
s+m
i k
, Csik = Γ
s
i k+m − Γs−mik , Csi k = Γsi k+m − Γs−mi k ,
Cs
i k
= −Γs
i k−m − Γ
s−m
i k
, Cs
i k
= −Γs
i k−m − Γ
s−m
i k
.
Theorem 2. If the composition Xm × Xm is c, c - composition and its
conjugate composition Ym × Y m is of the kind (c, c) or (g, g) or (ch, ch), then
the space A2m is affine.
Proof: Let Xm ×Xm be c, c - composition. According to Proposition 1
and [3] Aσαβ = ∇α a σβ = 0. In the chosen coordinate system these conditions
230 Anniversary International Conference REMIA2010
accept the form [3]
(21) Γs
i k
= Γs
i k
= Γsik = Γ
s
i k
= 0 .
Using (21) we can write (19) properly
(22)
Bsik = B
s
i k
= 0, Bs
i k
= Γs
i k−m, B
s
i k
= −Γs+m
i k
,
Bs
i k
= Bs
i k
= 0, Bsik = −Γs−mik , Bsi k = Γsi k+m.
1. Now let Ym × Y m be d, d - composition. From Proposition 1 it follows
Bσαβ = ∇α b σβ = 0. Substituting in (22) we obtain Γsi k−m = Γ
s+m
i k
= Γs−mik =
Γs
i k+m
= 0. So the last results and (21) show us that Γσαβ = 0 for any α, β, σ.
2. Now let Ym×Y m be ch, ch - composition. From Proposition 2 it follows
Bσ[αβ] = ∇[α b σβ] = 0. Substituting in (22) we obtain Γsi k−m = Γsi k+m = 0. So
the last results and (21) show us that Γσαβ = 0 for any α, β, σ.
3. Now let Ym×Y m be g, g - composition. Let consider the tensorMναβ =
b σα B
ν
βσ+ b
σ
β B
ν
σα. Taking into account (17) and (22) for the components of
the tensor Mναβ in the chosen coordinate system we have
(23)
Msik = Γ
s
ki, M
s
i k
= −Γs+mk+m i, Msi k = Γsk i, Msi k = Γsk−m i−m,
Ms
i k
= Γs
k i
, Ms
i k
= −Γs−m
k i−m, M
s
i k
= −Γs−m
k−m i, M
s
ik = Γ
s
k+m i+m .
But according to Proposition 3 Ym × Y m is an g, g - composition if and only
if Mναβ = 0. Consequently Ym × Y m is an g, g - composition if and only if
Γski = Γ
s+m
k+m i = Γ
s
k i
= Γs
k−m i−m = Γ
s
k i
= Γs−m
k i−m = Γ
s−m
k−m i = Γ
s
k+m i+m = 0.
So the last results and (21) show us that Γσαβ = 0 for any α, β, σ.
Obviously, in any of the above three cases the tensor of the curvature
Rσαβγ = ∂αΓ
σ
βγ−∂βΓσαγ+ΓσανΓνβ γ−ΓσβνΓνα γ = 0, which means - the space A2m
is affine [1]. ¤
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